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Abstract We developed a transient model for actin-based motility. Diﬀusion of actin monomers
was included in the formulation and its inﬂuence on the speed of actin-driven cargos was examined
in detail. Our results clearly demonstrated how actin polymerization accelerates cargos that are
initially stationary, as well as how steady-state is eventually reached. We also found that, due to
polymerization and diﬀusion, actin monomer concentration near the load surface can be signiﬁcantly
lower than that in the rest of the comet tail, suggesting that many previous models may not be very
accurate. c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1101402]
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It is commonly believed that the motility of cer-
tain pathogens, such as Listeria monocytogenes,[1]
Shigella[2] and Rickettsia,[3] is driven by the polymer-
ization of actin ﬁlaments which, by nature, are po-
lar. This means they can grow at the so-called barbed
end and simultaneously shrink from the other end (of-
ten referred to as the pointed end), a process called
treadmilling,[4] which ultimately results in the unidi-
rectional movement of pathogens. Recently, it has been
found that microspheres coated with protein ActA or
VCA can also undergo actin-driven propulsion.[5] This
biomimetic system greatly reduces the complexity of the
original problem and hence has been extensively used in
the study of actin-based motility.
Theoretically several mechanisms have been pro-
posed to explain force generation by polymerization.
For example, in the famous elastic Brownian ratchet
(EBR) model,[6] it has been hypothesized that ther-
mal excitation is large enough to bend the actin ﬁla-
ment which allows continuous polymerization to take
place. Based on this idea, a generalized formulation
has been proposed recently[7] which seems to be able to
explain various experimental observations including the
complicated trajectory of Listeria.[8] Generally speak-
ing, most of the existing studies focus on ﬁnding the
steady state force-velocity relationship of polymerizing
ﬁlaments. However, phenomena like the hopping mo-
tion of Listeria[9] and the symmetry breaking of actin
gels[9,10] are transient in nature. In addition, the trans-
port of actin monomers has been neglected in many
existing models to simplify the analysis. In reality,
polymerization will consume actin monomers near the
barbed end whereas disassembling of actin ﬁlaments
creates new monomers at the pointed end. As such,
diﬀusion of actin monomers might play an important
role in the polymerization process, which is supported
by various evidences.[11–14] Unfortunately, despite some
initial eﬀorts,[15–17] the question of how actin diﬀusion
aﬀects the force generation capability of polymeriza-
tion remains unclear. Aiming to address these issues
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here, by taking into account the diﬀusion of monomeric
actin, we present a transient state model to describe
how the polymerization process starts, progresses and
ﬁnally reaches the steady state.
Consider the conﬁguration where a microsphere is
propelled by a polymerizing actin comet tail and moves
with a speed V as depicted in Fig. 1. The origin of the
reference frame is chosen to be at the bead surface and
the frame itself is assumed to move along with the bead
at speed V in the negative x-direction, refer to Fig. 1.
As such, the Brownian motion of ﬁlament tips can be
described by[7]
∂p
∂t
= Dp
∂2p
∂x2
+Dp
∂
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[
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]
+ hp(x, t)− V ∂p
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, for 0 < x < ∞, (1)
where p(x, t) and Dp are the normalized probability
distribution and diﬀusion coeﬃcient of ﬁlament tips,
respectively. kT is the thermal energy and U(x) =
Ue(x) + Ui(x) =
1
2Kf(x − x0)2 − CbkT e−(x/σ)
2
is the
total energy stored in a ﬁlament when its tip is at posi-
tion x. Here, the ﬁrst term Ue(x) represents the bend-
ing energy with Kf being the eﬀective spring constant
of ﬁlaments and x0 being the tip position in the unde-
formed conﬁguration which, in general, is a function of
time as well. The second term Ui(x) corresponds to the
interaction energy between the tip and the bead sur-
face. Physically, the parameter Cb describes the depth
of the potential well while σ represents the approximate
width of the well. hp(x, t), as appeared in Eq. (1), is
the polymerization-induced source distribution of ﬁla-
ment tips. Since polymerization can only take place
when the gap between tip and bead surface is larger
than the monomer size δ, this source distribution can
be expressed as
hp(x, t) = konm(x+ δ, t)p(x+ δ, t)− koﬀp(x, t),
for 0 < x < δ (2)
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and
hp(x, t) = kon[m(x+ δ, t)p(x+ δ, t)
−m(x, t)p(x, t)]− koﬀ [p(x, t)− p(x− δ, t)],
for x > δ, (3)
wherem(x, t) is the actin monomer concentration, konm
and koﬀ are the local polymerization and depolymeriza-
tion rates, respectively. Equations (2) and (3) indicate
that the addition of a monomer causes the tip to change
its position from x to x − δ, whereas the tip position
jumps from x to x + δ after depolymerization. The
evolution of m is governed by the classical diﬀusion-
reaction equation
∂m
∂t
= Dm
∂2m
∂x2
− V ∂m
∂x
+ hm(x, t),
for 0 < x < ∞, (4)
where Dm is the diﬀusion coeﬃcient of actin monomers,
and
hm(x, t) = koﬀp(x, t) for 0 < x < δ;
hm(x, t) = koﬀp(x)− konm(x, t)p(x) for x > δ.
(5)
Once the solutions to Eqs. (1) and (2) are found, the
propelling force, f , generated by each ﬁlament, is
f(t) = kTp(0, t)−
∫ ∞
0
p(x, t)
dUi
dx
dx, (6)
from which the bead velocity can be determined from
the Stokes relation
6πηaV (t) = Nf(t), (7)
where η is the viscosity of the medium, a is the radius
of the sphere and N is the number of ﬁlaments behind
the bead. In addition, we can also calculate the average
ﬁlament growth speed as
Vf(t) = konδ
∫ ∞
δ
p(x, t)m(x, t)dx. (8)
Of course, numerically, we cannot solve the problem
in an inﬁnite domain. Instead, the calculation is con-
ducted in the region 0 ≤ x ≤ L, where L is the approx-
imate length of the ﬁlament free end, see Fig. 1. The
boundary conditions at x = 0 are such that no ﬁlament
tip or actin monomer can penetrate the bead surface.
On the other hand, since typically L >> δ, it is reason-
able to assume that actin monomer concentration at
x = L maintains at a constant level, i.e. m(L, t) = m0,
whereas p vanishes there, that is p(L, t) = 0, recall that
U(x) becomes unbounded as x → ∞.
A set of initial conditions are also needed to solve
the problem. Here, the initial distribution of m is taken
to be m(x, 0) = 0. We also assume that, at t = 0,
both polymerization and depolymerization reactions are
turned oﬀ and the bead remains stationary. As such, the
Fig. 1. Schematic diagram of a microsphere driven by a
polymerizing actin comet tail.
initial distribution of p, i.e. p(x, 0), can be found from
Eq. (1) by setting the left hand side, as well as the last
two terms on the right hand side, to zero. In addition,
the tip of a undeformed ﬁlament is assumed to initially
locate at x0 = 5δ, which eﬀectively sets the initial force
acting on the bead to zero.
A ﬁnite diﬀerence scheme was developed to solve the
problem numerically. Basically, starting from the initial
conﬁguration, the bead velocity at any given time step
is calculated by Eq. (7) from which the displacement
of the microsphere during time interval Δt is simply
V ·Δt. In addition, based on the ﬁlament growth speed
calculated from Eq. (8), the change of x0 within the
same time interval can also be determined. Due to the
movement of the boundary, the computation domain is
remeshed in the next time step and Eqs. (1) and (2) are
solved numerically using the ﬁnite diﬀerence method.
These steps are then repeated iteratively.
Since in most practical cases depolymerization is
much slower than polymerization, we proceed by ne-
glecting the possibility of any dissociation reactions.
Values of diﬀerent parameters are chosen as δ = 2.2 nm,
konm0 = 100 s
−1, L=77nm, a = 0.25μm, N=25,
η = 30P , σ = 0.1 δ and Kfδ
2/kT = 1, which, we be-
lieve, are all reasonable.[6,7,18] In addition, by treating
the ﬁlament as an ellipsoid with major axis L/2 and mi-
nor axis ∼4 nm (the radius of the actin ﬁber), the diﬀu-
sion coeﬃcient of ﬁlament tips, Dp, is estimated to be
around 0.025μm2/s. The diﬀusivity of actin monomers
should be much larger than that of ﬁlament tips given
the huge size diﬀerence between the two. Here, for
simplicity, it is assumed that Dm = 11Dp. Choosing
Cb = 2, the ﬁlament force as a function of time is shown
in Fig. 2, which suggests that interestingly, the force
is negative at the initial stage before climbing up and
ﬁnally reaching a constant positive value. In light of
Eq. (6), this can be understood by the fact that ini-
tially all ﬁlament tips are away from the bead surface
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Fig. 2. Propelling force as a function of time.
Fig. 3. Evolution of the bead and ﬁlaments velocities.
and hence the ﬁrst term on the right hand side of Eq. (6)
is basically zero causing the total force to be negative.
However, as polymerization progresses, more and more
tips reach the surface which eventually causes the force
to become positive. Figure 3 shows how the bead ve-
locity, as well as the ﬁlament growth speed, varies with
respect to time. Clearly we can see that the bead ve-
locity is negative at the beginning, corresponding to the
negative ﬁlament force shown in Fig. 2, and then gradu-
ally increases to a steady state value ∼ 0.05μm/s, which
is consistent with experimental observations.[19] On the
other hand, the ﬁlament growth speed monotonically
decreases to the same steady state value.
The steady state distribution of actin monomer con-
centration is shown in Fig. 4, from which it is obvious
that the concentration at the bead surface is only about
70% of that at the far ﬁeld. Recall that in many existing
models, such as in Ref. [6], the actin monomer concen-
tration was treated as a constant everywhere to simplify
Fig. 4. Steady state distribution of actin monomer concen-
tration.
Fig. 5. Steady state bead velocity as a function of actin
monomer diﬀusivity.
the analysis, however results here clearly suggest that
this treatment may introduce considerable error.
We further examined the role of actin diﬀusion in
the polymerization process by intentionally varying the
value of Dm. Choosing Cb = 0 and other parameters
as before, the steady state bead velocity as a function
of Dm is shown in Fig. 5, where Vc is the speed when
the monomeric actin concentration is taken to be m0 (a
constant) everywhere. Not surprisingly, the bead speed
approaches Vc as Dm goes to inﬁnity. On the other
hand, V becomes negligible when Dm is very small. Ac-
tually, in the limiting case where Dm approaches zero,
the bead velocity should depend solely on how fast actin
monomers can diﬀuse over a distance of L. In other
words, we expect V to scale with Dm/L, a relationship
that has indeed been conﬁrmed by our results (data not
shown here).
In conclusion, a transient model for actin-based
014002-4 L. M. Bai and Y. Lin Theor. Appl. Mech. Lett. 1, 014002 (2011)
motility has been proposed from which the entire mov-
ing process of microspheres propelled by actin polymer-
ization can be reproduced. Of course, the present for-
mulation did not address the key question as to how
symmetry breaking of actin gels takes place, which is
essential to the onset of actin-driven motility. Never-
theless, its transient nature should make the formula-
tion suitable for studying phenomena like the hopping
motion of Listeria. In addition, the diﬀusion of actin
monomers was included in our model and the results
clearly showed that the actin monomer concentration
at the load surface can be signiﬁcantly lower than that
in the surrounding medium, suggesting that many pre-
vious models may not be very accurate. As such, we
expect this model to be useful in situations where the
transport of monomeric actin is important, such as the
formation of lamellipodium in motile cells.
Several simpliﬁcations have been made in our analy-
sis. For example, the spherical geometry of the bead has
been totally neglected, which allows us to examine the
problem with a one-dimensional model. In addition, be-
sides diﬀusion, other factors such as the hydrodynamic
ﬂow[20] can also aﬀect the transport of actin monomers.
All these issues need to be addressed by more detailed
future studies.
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